This work demonstrates an improved method to simulate long-distance femtosecond pulse propagation in highcontrast nanowaveguides. Different from typical beam propagation methods, the foundational tool here is capable of simulating strong spatiotemporal waveform reshaping and extreme spectral dynamics. Meanwhile, the ability to fully capture effects due to index contrast in the transverse direction is retained, without requiring a decomposition of the electric field in terms of waveguide modes. These simulations can be computationally expensive, however, so cost is reduced in the improved method by considering only the waveguide core. Fields in the cladding are then properly accounted for through a boundary condition suitable for the case of total internal reflection.
Introduction
Nanoscale high-contrast structures have been found to offer the maximum confinement of light at optical and nearinfrared wavelengths [13] . This presents a significant advantage for nonlinear optical applications. Amplification and wavelength conversion through four-wave mixing have been demonstrated in silicon nanoscale rectangular waveguides [12, 14] . The properties of frequency combs have been studied in ring resonators [28] . And super-continuum generation was observed in similar nanostructures with various waveguide geometries [11, 15, 17, 32] .
Although small, modeling optical pulse propagation through nanostructures can be challenging [25] , especially in the nonlinear regime. It combines several features, namely, strong waveform reshaping, extreme spectral dynamics, long distance propagation, and strong refractive index contrast. Various methods have been devoted to addressing each feature on its own, or limited combinations thereof (e.g., [16, 19, 20, 27, 29] ). We made a step toward taking all the above effects into account by formulating the generalized unidirectional pulse propagation equation (gUPPE) [1] . Unsurprisingly, this generalized method can be computationally costly compared to standard approximate approaches.
In this paper, we seek an efficient method of simulating femtosecond pulses in extremely nonlinear regimes [5, 7, 8 ] through high-contrast waveguide systems. To this end, an improved boundary condition is generated in the context of the gUPPE, which reduces computational costs, yet incorporates the greater accuracy of the foundational method. The primary approximation lies in assuming fields in the waveguide cladding decay fast, making their replacement possible. This condition is easily satisfied in the high contrast nanostructures studied here. Thus, we find that bypassing simulation of fields outside the waveguide core accomplishes our goal.
While we illustrate the method put forward in this paper through the example of a femtosecond pulse confined in a silicon nanowaveguide, the approach can be applied to a wider range of problems. It will be useful whenever light propagates nonlinearly through a structure that provides confinement, be it through high-contrast index waveguiding or in a leaky regime. Other methods have addressed nonlinear propagation in leaky waveguides through coupled mode theory [10, 30] , which also avoids simulation of the cladding directly. However, coupling between individual higher order modes is usually neglected. Reconstructing the field and polarization in real space, where such coupling is incorporated implicitly, is possible [3, 4] . But modal decomposition is required at each propagation step in this case. The improved method presented here, which resides completely in real transverse space, has also been formulated for hollow waveguides [2] . This method is slower than those above when appropriate modes and a corresponding spectral transform are both available, especially in situations requiring only a small number of modes. However, in most cases, neither an efficient spectral transform nor the modes are readily available. Furthermore, such modal decompositions assume orthogonality, even in leaky waveguides where this is an approximation. The method presented in this paper does not rely on modal decomposition and is therefore more general. It was shown that the efficiency of the new method can be similar to those above, but more accurately describes propagation in the presence of transverse structure, especially as the optical wavelength increases with respect to the waveguide core dimension. Together, the present work and the previous demonstrate efficient yet accurate methods for both the guiding and leaky cases.
The remainder of this paper is organized as follows. In Sec. 2, we review the recently developed gUPPE for the readers' convenience. It treats the total field in real space and evanescent tails implicitly through Maxwell's equations. An approximation is then applied in Sec. 3, such that the simulation domain only encompasses the core of the waveguide. This approximation reduces the total grid size of the simulation and the computational cost associated with simulating the fields that manifest in the cladding. Results of propagation in the linear regime are presented as validation of the approximate method in Sec. 4. Section 5 then reveals the main results of nonlinear propagation in the nanostructure. The method and data are summarized in Sec. 6.
Generalized UPPE: Summary
The generalized Unidirectional Pulse Propagation Equation (gUPPE) was formulated [1] for structures with a frequency-dependent permittivity = ( ⊥ ω) dependent on the transverse coordinates ⊥ . We recount here the more significant steps taken in the derivation and the primary equations involved for ease of reference.
We begin with a pair of coupled unidirectional pulse propagation equations (UPPEs) [23] ,
which are exact if solved together [22, 24] . The computational burden, however, would be prohibitive, similar to that required by a Maxwell's equation solver. It is also unnecessary for most pulse propagation problems, since the backward wave can be neglected. Thus, assuming the medium response to be calculated from only the forward propagating waveform, this unidirectional approximation reduces the system to one UPPE. The main restriction here is that the UPPE is only applied to bulk media or, with additional approximations, to simple waveguide geometries in which a few guided modes approximate the propagating waveform.
The generalization considers situations with material interfaces parallel to the direction of propagation. Thus, we must return to the wave equation for the electric field and the constraint of the divergence equation. Spatial properties of the dielectric function and the nonlinear polarization are embedded in these equations. We rewrite the transverse part of the wave equation to separate the linear and nonlinear terms.
The linear operatorL is related to the corresponding Helmholtz equation and acts on the transverse electric vector field
All other light-matter interactions, particularly nonlinearity, are included in the operator
where P( E) encapsulates the model of the nonlinear medium response. A full-wave solution for longitudinally invariant structures can be formulated exactly at this point. Again, however, solving such a system is impractical and unnecessary for the applications of pulse propagation in mind, particularly that in waveguides. Therefore, the unidirectional approximation is invoked. Care must be taken at this step, since the amplitude of the fields E ± can evolve fast enough to override the exponential factors. The implication here is that what is often referred to as the backward propagating field can physically contribute to that in the forward direction [21] . We have identified [1] the parts of the field waveform which truly propagate in the positive and negative directions along the axis and refer to them as E F and E B , respectively. If nonlinear interactions are weak enough so that they fail to generate backward propagating waves, the system can be restricted to the forward-propagating field alone,
in which the spectral amplitudes A F are the native variables evolved by the solver according to the equation
We note that Eq. (7) is natively represented in mixed representation. The time dimension is treated spectrally, thereby preserving the ability to simulate chromatic and nonlinear properties of the material exactly. Meanwhile, the transverse dimension is represented in real space, the natural choice for the linear propagator in a structured medium. The numerical technique to solve the gUPPE reduces to a solution of a large system of ordinary differential equations (ODEs). Thanks to the diagonal nature of the linear propagator in frequency space, its numerical application is equivalent to a set of uncoupled beam propagation problems, and can be efficiently parallelized. Details of the derivation can be found in [1] , and we refer the reader to [9] for an in-depth description of numerical methods suitable for the UPPE-type ODE system.
In the context of our specific situation here, propagation in high-contrast nanowaveguides, the main features of the gUPPE are as follows. Fields outside of the waveguide are fully resolved and the computational domain includes an absorbing boundary for any outgoing fields. In the cases presented here, the absorbing boundary is a damping function which multiplies the fields at the edge of the grid. By resolving the whole relevant domain, including the cladding, gUPPE can properly model the dynamics of light being guided by high index contrast.
gUPPE with reflective boundary conditions
We now describe an approximation in which a perfectly reflecting boundary condition is applied at the core-cladding interface and the optical field is only sampled within the core of the waveguide. The inset of Fig. 1 shows a rectangular dielectric waveguide with the core in black and cladding in blue. In short, we refer to the resulting method as gUPPE-b. This approach offers savings in computational effort by requiring far fewer grid points as that required to include cladding plus an absorbing boundary condition. Also, any fine field features that arise in the cladding need not be taken into account, thereby allowing a larger step in the direction of propagation.
A pulse propagating in this nanoscale device is guided by total internal reflection; large incidence angles in the direction of propagation result in fast leakage out of the waveguide core. This results in a propagation regime that is paraxial for the field within the core. The polarization of the inner beam is dominated by a single transverse component, 
where and are the transverse wavenumbers in the core and cladding, respectively, and is the longitudinal wavenumber. The latter must be the same on both sides of the interface due to field continuity conditions. The primary approximation is that is small in comparison to and to the terms on the right hand side of the dispersion relation (this is nothing but a statement of the paraxial approximation). Neglecting altogether, we estimate
which will be used in the boundary condition. Imposing continuity of the field derivative with respect to the direction normal to the interface ∂ ,
with E and E standing for the field value at the interface approached from inside and outside, respectively. For the derivative on the left, we use a one-sided, second-order derivative
where E 1 and E 2 are samples of the field at points a distance ∆ and 2∆ from the interface. For TE and TM polarization we have the conditions
respectively, and E is obtained as It can be shown that the resulting boundary reflectivity is one for all nonzero transverse wavenumbers, and that consequently, its implementation should result in a stable propagation algorithm. Equation (13) thus allows the computational grid to be restricted to the inside of the waveguide. Although the same technique is applied here as with leaky waveguides, the perfectly reflecting boundary has different consequences. Because fields are not allowed to leak out of the cavity, the fields which initialize the simulation will always remain in the core. However, the field amplitude may be redistributed across frequencies due to the material properties and, in the nonlinear regime, field intensity.
Linear propagation in a silicon nanowaveguide
In this section, we study the linear regime and compare results from the gUPPE-b method to those from the full method, gUPPE. The structure investigated throughout this paper is a rectangular nanowaveguide formed by a silicon core embedded in a cladding of silica. The real part of the material susceptibility as a function of frequency was obtained for the range 8 0 × 10 14 < ω < 4 3 × 10 15 Hz, with a discretization of 60 THz. The lengths of the long and short axes of the waveguide are L = 570 nm and L = 310 nm, respectively. This structure is illustrated in the inset of Fig. 1 . The size of the cladding for the gUPPE was increased until results converged, making the total size of the computational grid 2.4 µm × 1.2 µm. The cladding must be large due to the numerical absorbing boundary, which can unphysically dampen the total field if it is too close to the waveguide. The grid spacing is ∆ = ∆ = 10 nm in the transverse direction and adaptive (determined by the ODE solver) in the direction of propagation . Together with the frequency dimension, the simulation is effectively 3D + 1.
Assuming a linearly polarized field in the direction dictates that the boundary conditions at the left and right sides of the nanowaveguide are of the TM type, while they are of the TE type on the top and bottom. The central wavelength of the pulse is chosen to be λ = 800 nm, and the refractive index of the core and cladding at this wavelength are = 3 69 and = 1 45, respectively. We obtain the fundamental mode of the nanostructure through propagation in imaginary distance (e.g., see [18, 31] ) with both methods. The results are used to initialize the simulations in real space. Cross sections of the initial field intensity along the and axes are shown in Fig. 1 . The gUPPE-b simulation is restricted to the core, shown by the circles in the figure, so that only a small subset of grid points is necessary.
Due to total internal reflection, the energy loss upon propagation in real distance should be negligible. This is indeed the case as no energy loss was observed for either simulation, verified by monitoring the total energy in the core. However, the pulse does experience dispersion upon propagation, which offers a more interesting quantity with which to validate the gUPPE-b method. The pulse is initialized with a 40 fs duration, as shown in Fig. 2 , and experiences broadening due to dispersion. After reaching = 100 µm, the average percent difference between the temporal profiles from the full gUPPE and gUPPE-b is 3%. Slight differences arise partially due to the different adaptive steps taken by the two methods, resulting in a different sample location. Any remaining difference can be attributed to the approximation implemented by gUPPE-b. Nevertheless, the agreement is excellent, considering the entire cladding was neglected by gUPPE-b.
The computational savings resulted in a 22× speedup in runtime. We note that a more efficient absorbing boundary might help relieve the computational burden associated with the full gUPPE. But because the boundary condition for gUPPE-b is so simple and quick to implement, we likewise chose a simple gUPPE absorbing boundary for the most straightforward comparison.
The mutual agreement between the two gUPPE-based methods indicates that the reflective boundary condition utilized in gUPPE-b is satisfactory. The next section demonstrates its utility for the simulation of extremely nonlinear regimes in long-distance pulse propagation.
Nonlinear propagation in a silicon nanowaveguide
In order to illustrate the capability of gUPPE-b to simulate the highly nonlinear regime in the nanowaveguide, we incorporate the instantaneous optical Kerr effect here. The nonlinear index for silicon is set to 2 = 4 × 10 −14 cm 2 /W. Even taking advantage of parallel computing, nonlinear propagation past tens of micrometers with the gUPPE is computationally prohibitive. Thus, for the first demonstration, we choose an initial intensity of I = 2 × 10 12 W/cm 2 , which is slightly less than what we estimate to give the critical power for self focusing. This allows observation of extreme spectral dynamics within a propagation distance of 40 µm. Figure 3 reveals the behavior of the maximum transverse intensity normalized by the initial intensity. The spatial field profile was initialized to the fundamental mode found in the linear regime. Introducing nonlinearity, however, alters the system. Because these alterations depend on the intensity itself, the intensity fluctuates at the beginning of the simulation. The fluctuations are slightly different for the two methods due to slightly different spatial frequency content. However, both methods are seen to converge to the same intensity. Figure 4 reveals the spectral content, the Fourier transformation of temporal data, like that in Fig. 2 . Propagating through the nanowaveguide at this relatively high intensity causes extreme broadening of this spectrum. Both methods show nearly exactly the same behavior, qualitatively. Differences are only observed upon closer examination. Figure 5 compares spectra at = 0 and = 40 µm. Only small quantitative differences are observed. The main features due to dispersion and self-phase modulation are successfully simulated with gUPPE-b. Namely, the extreme broadening and splitting of the initial spectral peak into two main peaks. Self-phase modulation, which induces a phase shift dependent on the inverse of the beam cross-sectional area, is a particularly strong effect in this nanowaveguide. The computational savings resulted in a 15× speedup in runtime for gUPPE-b. The speedup is less here than in the linear case, because both methods must resolve the finer features that accompany propagation in the nonlinear regime. Nonetheless, a clear advantage is obtained by only simulating the core with gUPPE-b, especially considering the primary attributes of nonlinearity are captured. Therefore, only gUPPE-b is used in the next demonstration.
In order to simulate nonlinear effects over a longer propagation distance, we reduce the initial intensity to I = 3 × 10 11 W/cm 2 . This slows the phase shift induced by self-phase modulation and reduces the amount of spectral broadening per unit distance. Evolution of the spectrum to = 500 µm is presented in Fig. 6 . Qualitatively, the same physical mechanisms produce similar features as those seen in Fig. 4 . However, the interplay of dispersion and selfphase modulation differs resulting in quantitative changes. These mechanisms and their consequences are well known, so we do not go into detail here concerning the physics. The primary aim of this work is accomplished in demonstrating the propagation of ultrafast pulses in nanowaveguides over long distances, with the relevant nonlinear effects included. 
Summary
Efficient simulation of high intensity femtosecond pulses through a silicon nanowaveguide was presented here via an improved method based on the generalized unidirectional pulse propagation framework [1] . An approximate perfectly reflecting boundary condition was formulated that represents the interaction of the pulse and the core-cladding interface of the waveguide. We compared the new method gUPPE-b to the full foundational method gUPPE, which resolves the entire nanostructure, including the cladding. The results show that accuracy is maintained with the approximate method in the regimes studied, making gUPPE-b the preferred method over gUPPE.
Besides the silicon nanowaveguide, the proposed method should be useful for laser pulse propagation in any case where the incident transverse wavenumber at the interface is much smaller than the outgoing wavenumber . Other examples include frequency-comb generation on chip [26] and frequency conversion in integrated devices [6] . The sister method is likewise useful in generic leaky waveguide systems, including filamentation regimes confined to the semi-planar geometry in slab waveguides. Together, the gUPPE-b method is demonstrated to be efficient for both of these extreme cases, where either evanescent or radiative fields manifest in the cladding. Extending the method to include regimes where both guided and radiative fields propagate concurrently is possible. However, this problem is more complex and the numerical issues that arise require further study.
